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Zonal polynomials in Calogero-Sutherland Model and
Conformal quantum field theory

Abed Alkader. A. Said, Moustafa Sayem eldaher
Department of Physics, Damascus University, Syria

Nour eddine Chair
Department of Physics, Jordan university, Jordan

Research Journal of Alepo University. (Accepted Mar.2013)

Abstract

The action of Calogero-Sutherland Hamiltonian on Fock space of symmetric
Zonal functions is studied ,it is proved that Zonal functions are eigen functions
of. Calogero-Sutherland Hamiltonian. The relation between Calogero-
Sutherland model and virasoro algebra is used to build the singular vectors in
term of Zonal polynomials. We proved the rectangular shape of these singular
vectors ,these singular vectors can be used to calculate the correlation functions

for dense polymer at critical point in phase transition.

Key words: Calogero-Sutherland Hamiltonian, Zonal Function, ,Singular
vector, Virasoro generators, virasoro algebra. conformal field theory.

1. Introduction

Conformal invariant quantum field theories describe the critical behavior
of systems at second order phase transitions by some functions which are
called correlation functions. correlation functions study the correlation length
between particles at critical point. The canonical example is the Ising model
in two dimensions, with spins o, =+1 on sites of a square lattice.

_ E
The partition function Z =exp 2 is defined in terms of the energy

E :—gZai o; , where the summation (ij) is over nearest neighbor sites on
(i)

the lattice. This model has a high temperature disordered phase with the

expectation value (o) =0 and a low temperature ordered phase(with (o) #0).

The two phases are related by a duality of the model, and there is a 2nd order
phase transition at the self-dual point. At the phase transition, typical
configurations have fluctuations on all length scales, so the field theory
describing the model at its critical point should be expected to be invariant at
least under changes of scale.



Schur Polynomials of second order in Calogero-
Sutherland Model and Conformal Field Theory
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Abstract

Partial differential eqauation is solved for Schur polynomials of second
order. The relation between Calogero-Sutherland model and virasoro
algebra is used to build the singular vectors in term of Schur polynomials of
second order.it is proven that Schur functions are eigen functions of
Calogero-Sutherland Hamiltonian. Also the rectangular shape of these
singular vectors is proved by using of BRST Co homology.

Key words:, Schur Polynomials, Calogero-Sutherland Hamilton,Singular
vector, Virasoro Algebra, hypergeometric functions

1. Introduction

The theory of Schur functions (and Schur polynomials) has been a
vertiginous development on the computations of coefficients and
combinatorial connectors about rectangular Schur functions

Calogero-Sutherland model and its generalizations are of great help in
the understanding of quantum many-body physics. Moreover, the wave
functions of these quantum integrable systems are typically given in terms of
symmetric functions that are central in algebraic combinatorics (in the case of
the Calogero-Sutherland model), the energy eigen functions involve the Jack
polynomials. It would hence be of considerable interest to provide an
algebraic description of these models and of the associated symmetric
functions.

Singular vectors of the virasoro algebra attract a lot of attention because of
its relationship with correlation functions. Conformal field theories are
Euclidean quantum field theories, and characterized by the properties that
their symmetry group contains in addition to the Eculidean symmetries, local
conformal transformations .



Action of Laplace-BeltRami Hamiltonian on Schur
polynomials in Conformal Field heory
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Abstract

the action of Laplace-BeltRami operator on Fock space of symmetric Schur
funcions is studied ,it is proved that Schur functions are eigen functions of
Lapace-Beltrami operator. The relation between Calogero-Sutherland model
and virasoro algebra is used to build the singular vectors in term of Schur
polynomials. We proved the rectangular shape of these singular vectors by
using of BRST Cohomology.

Key words: Laplace-Beltrami Hamiltonian, Schur Function, Calogero-
Sutherland Model, Singular vector, Virasoro generators

1. Introduction

Integrable models may have very huge symmetries, that help us to study
various behaviors of the systems. For some well investigated models, we are
able to calculate correlation functions of observables by using representation
theories of the symmetries, that have been fruitfully studied within the
language of infinite dimensional Lie algebras and their suitable deformation
theories. We have a lot of examples of these symmetry algebras and their
applications to many problems, critical phenomena of two-dimensional
classical statistical models, the low temperature behavior of one-dimensional
electron systems and so on.

The Calogero-Sutherland model and its generalizations are of great help in
the understanding of quantum many-body physics. Moreover, the wave
functions of these quantum integrable systems are typically given in terms of
symmetric functions that are central in algebraic combinatorics (in the case of
the Calogero-Sutherland model), the energy eigen functions involve the Jack
polynomials. It would hence be of considerable interest to provide an
algebraic description of these models and of the associated symmetric
functions.



Singular vectors in Term of Schur polynomials in Conformal Field
Theory
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Abstract

we extended the singular vectors in term of Schur polynomials to the states
(r,s)=(3,4),(4,4) and proved the general case (r,s) for the coeffecients of the
singular vector,we used the relation between Calogero-Sutherlan Model and
conformal theory at central charge (c = 1) to prove the rectangular shape of singular
vectors in our formula,also we construct another recursion relation to calculate the
coefficients of the singular vector.

Key words: Schur polynomials, Calogero-Sutherland Model,Conformal field theory,
Laplace-Beltrami Hamiltonian, central charge, Singular vector, Virasoro generators.

1. Introduction

Singular vectors of the virasoro algebra attract a lot of attention because of its
relationship with correlation functions. Conformal field theories are Euclidean
quantum field theories,and characterised by the properties that their symmetry group
contains inaddition to the Eculidean symmetries, local conformal transoformations
which are of special importance in two dimensions and have an infinite number of

conserved quantities ,in [2] they studied 2D gravity coupled to C <1 conformal
matter.

In [4],thay built a singular vector for ¢ < 1 and put a formula in term of Schur
polynomial. [7] studied the integral form of singular vectors in term of Jack
polynomial for special cases.

The paper[8] calculate an explicit formula for singular vectors (c < 1) which can be
write in term of Jack functions with rectangular young diagram.[6] used Jack
polynomials to prove AGT conjecture at central charge(c = 1) . We extend the
formula in [4] for the cases (r; s) = (3; 4); (4; 4); and prove this formula for the
general case, (r; s); (s; r).We will use correspondence between Calogero-Sutherland
model and conformal field theory to construct a recursion relation for the coefficients
of the singular vectors.

2. Virasoro algebra
The Virasoro algebra generated by (L,,n ez ) and the centeral charge ¢ with

relations:
C
[Ln’Lm]:(n_m)Ln+m +Eﬂ(nz_l)é‘n+m,0 (1)

as a representation space, we take Fock space F,:



F=Cla,a,,.]P>] )

we use the bosonic operators[a,,a,]1=ns, and the vacuum vector |p > is defined

n+m,0?

by:
&|p>=p|p>a,|p>=0Vnez 3

then the bosonic representation of L, is given as:

Z 8, -Q(n+1)a, @

meZ
The central charge c is given by:

c=1-12Q° (5)
The conformal dimension of the corresponding Virasoro representation is:

1
h=2p(P-) (6)

we denote the Feigin-Fuch module with F(p,q), the cohomology of Virasoro

algebra =F" ®F" is studied in [2] where M, L are matter sector and gravity
sector.

We fix the matter central charge as in equation (5), the light cone combination is
defined by:

1 W
+_$(Q _—'_IQ)

1 : (")
p* =ﬁ(1>M +iP"%)
here P is the momenta and Q is the background charge, in term of two real
parameters r, s:
-1 -1
r=—Q-P',s=—Q+P" 8
5 > (8)
so the momenta can be parametrized as:
M c 2
P, =3[(r+s)Q™ +(r—s)iQ’] )

from equations (1, 2, 7 9) we can write the generators L,,L,in the form:

L, ZJX +2Q.(P Q)—

j+1 1

L, =2 k%, |8x

, 82 (10)
+2Q+(P_Q)8T Q. —

j+2 2

and from properties of Schur polynomials [2]:



0
Wsm(x):smfn(x)

n

Z (I _i)X|7i8m7| (x)=(m _i)Sm—i (x)

I=i+1

(12)
we have:

[L..S, COl=[(M-1)+v2Q, (P —-Q)IS,, ,(x)

(13)
[L,.S, ()I=[(M-1)++2Q,(P —-Q)IS,, ,(x)

The background charges Q" can be obtained by special rotation SO (2,C) in (p; q)

model, (Q" = ﬁ), also the discrete momenta p(r,s)=P(p,q) (r=s) :

J2pq V2
Now for the case r,s e N,c™ =1, free field where (Q™ =0) the singular vector at
level k=rs interm of Schur polynomials, also see [2]:

V2

U =S, ( PPV > (14)

where the coefficient can be obtained by applying the Virasoro generators:
L,=0,vn>0 (15)
and the Schur polynomails have ordered partitions in young tabluax:
|k =k, +K, +..c.+ K
k,>k,>...>0
note that equation (14), has a rectangular diagram and we will confirm it by applying
(CSM) at g =1. While forc <1, and by changing coordinates in term of momenta
and from equation (13), according to single raw(column) we have:

N

2
Ul,s :Ss (TQJer\: )l P M >

N

ur,1=sr(72QPﬂ)|PM >

(16)

For r; s> 1 we use \/§Q+(P —Q) =t +1 inequation (13), the cases (2; 3); (3; 3) in
[2,4]

3. Extended states (r,s) =(3,4),(4,3),(4,4)

Now for the case r=3, s=4,k=12, t =2Q” -4 and after all permutation with
lexographical order the singular vector has the form:

_ 12 N2
U3y = akz,kgskl—kz—k3,k2,k3(

12>k, >k, 2k 320 n
ky+kp+k3=12

Q.P1)IP" > (17)



with manual calculations we have the coefficiens Ofif,k3 in term of o

and some of them are:
t+12 t +12)(t +8
e =B ot - T
1 t+12)t +10)(t +8) 1» 1 36t +12) o,
21 =7 o100 =~ %o
tt+)(t -4) tt+1)(t -4)
p  E+12)(E +10)(t2+7t +28) o,
Q30 = Qo
t(t +1)(t +2)(t —4)
n  (E+12)E+10)t +8)t+7) 4,
a,, = Qo
tt+)(t +2)(t -4)
e 3(t +12)(t +10)(t +8)(t + 7)(t +5)(t > +16t +40) e
&0 t(t +1)(t —2)(t —4) 00

p  (E+12)(t +10)(t +8)(t +7)(t +6)(t +8) o2
Bt +)t+ -4t -2t +2) *°

to avoid singularities in the terms we use:
1
12

%00 = T +)ra)re -1
with some algebra we have:

12 (_l)’(z " CZ"z K3

Ky K3 (Q+) = tr(lz_KZ — K, +t +1)F(K2 +1 )F(K:,) +t _1)

and some &y, . are:
o =(t-2)(t—4)(t+2)(t +9)(t +11),a,, =—36(t —2)(t +2)(t +9)
o, =(t-1)(t=2)(t +2)(t +8)(t +9),cz,, =z, = (t 1) (t +7)(t +8)

a5 =3(t+2)(t +3)(t +4)(t +5)(t2 +16+40)

For

12 \/E M
U4,3 = Z akl,kz,k3,k4SKl,K2,K3,K4 (TQJrPn J | P >

122k, >k, >k 52k 4 20
ki+ko+k3+kg=12

. 12
some of the coefficiens in term of @150 are:

(18)

(19)



1 t+12 o,

Q100 =~ i Q130,0,0

allgllo = G(t +12)(t —3) 051122000
Ut +D(2t -3)
2 __6(t+12)(t—3)a12
10,2,00 = 12,0,0,0
Tt +D(2t -3) T
" 6(t +12)(t° +17t* +32t +60) .,

19300 T T D)+ 2)(2 3 —6)) 200

" (t +12)(t +6)(4t +60) .,
Qg111 = U130,0,0
tt+1)(2t -3)

k
12 (_1) laklvkpkarh

X ky gk, —
tr(12—-k,—k; -k, +t +1)I'(k, +t)I'(k, +t —Hr(k, +t —2)

also the coefficiens o .\, Obey recurssion relation (22) and some of them are:

30000 11100 = (t +9)(t +10)(t +11)(2t -3)(t —6)
Q500 +9)(t +10)(2t +15)(t —6)(t —1)

in the level s =r =4, become more complicated and after permutations of ordered
partitions with the effect of L,,L, we have:
2

_ (- 16 Ne
Upa = Z akl,kz,ks,kA (Q+)Sk1’k2'k3'k4( n
162k, 2k, 2k 52k ;20

Q.P")IP> (20)

0{16 — (_1)kl akl,kz,k3,k4
KKz ks Ky tF(kl 1t +1)r(k2 +1)I(k, +t D'k, +t —2)

(21)

by the action of L,,L,on v,,,and after long algebra we calculate all aiikz,kg,m the
first coefficients are :
allf,z,o,o = t(t(fl)%afgo,o,o
oy’ o0 @ppears in all coefficients ,so to avoid divergence in these coefficients we
choose
g (2t —9)(t +15)

0000 It +15)I(t + 2)T'(t —DI(t —2)




6 2t +16)(t +10) 46 2(t —1)(t +10)

a = @ =
14110 t(2t —9) %% It +15)(t +2)C(t —)I(t —2)

o (2t -9)(t +15)
151,00 ~ 't+16)r't+Hr-nr-2)
g (2t —=9)(t +15)

Ui3210 =
[t +14)rt+2)r)r-2)
where ., aregiven interm of t and some of them:

Q000 = Us100 = (2 —9)( —8)(t +15)(t +14)
Qyyz00 = (120 =115)(t +14)(t -8)

Qzpro = % (t —1)(2t* +34t° + 70t * +1415t +5610)

these coefficients obey the relation:
k= Zakl—l ....... K+l (22)

from the action of L,,L,. Note forc < 1, t +1=+2Q (P (4,4)-Q")=3Q? -3

,and forc=1,t=0, p=q = 1, all coefficients vanish expect .’

4,4,4,4
4. Singular vectors at rs level

At level k = rs, the singular vector has the form:

O, = Z (=1) Oy K, @Q.) [\/E

= PM PM >
(K 4t +2D).c D(k, 4+t —r 42) fete| Q. *j'

(23)

where t+1=2Q,(P" (r,5)—Q")  and the coefficients o,
of L,,L,.

«, from the action

Proof. By induction,

if v, is true at somek, k =1,2,.......,n, then it ie true at level k + 1. But k has two
variables r; s which are positive numbers, if we raise s to s + 1 and to keep the
degenercy for the singular vector. We take k'=r(s +1)so k, =k'—r for the

equation (23), and level increases by r which distributes over all terms with ordered
partitions. So:

U,

rs+1 —

kyersrorsar kg skzo L (IS + 1 —Kj—.. -k +t+D...I'(k/ +t —r +2) (24)
xS L(N2Q,PY)|P >

rs+r—Ky —..—K, Ky ey



Put k' =rs+r—k, —...—k,’ we have:

ky \E M
D % kr'Sk’ K, (nQ—P—n j' P>

..................

Ur,s+1 =

kizezk 20 T(K, +t+1)(K, +t)...... (K, +t —s +2)
Which is the same as equation (23).

Now in the negative part of oscillator Q, Q ,t, —t_, the level increases by s, put

2

V24 p j| P>
n
U =

" sk ok, Tk +t+D(k, +t). DK +t =5 +2)

(25)

(26)

For (c =1)g = p=1Q7 =1t =r —s -1, all terms vanish except v, =S |P >

which has a rectangular shape

Example:
Us, Z a(?—l—i 1iSeini (%Qfﬂ: )IP >

o = (t +5)

SO0 (7 +t) ()T (t -1)

6 _ (t +5)

%510 = TR (6 +) Tt + DI —1)
g - —t+A-1

20 PGB +2)I(t -1)
I () )
YOG+ +DI()

o o (t+4t +1)

0 PA+t)I( +3)I(t —1)
- t+4)t -1
%21 T Tt +2)T( —1)
6 (t+4)t -2

Aoy =~ C@E+t)I(t +2)r(t +1)

and

(27)



a =a =, =t+5

auzau:a“:—¢+®a—b
oy, =" +4t +1)
which are the coefficients of Schur Functions at level 6 and three orderd partitions:

S6,0,0 ' S5,1,0 ! S4,2,0 ! S4,1,1’83,3,0 ! S3,2,1’ S 2,2,2

5 .The relation between Calogero-Sutherland Model and CFT at (c=1)

[8] studied the action of L, operators and dealed with left word action on Jack

polynomials, also rightword action gives the same results.
The generalized Laplace-Beltrami operator is Calogero-SutherIand Hamiltonian:
X; +X 0

iR 0., 1
H =E§(Xiax—i) +§Z ( ’Gx ) (28)

iz Xi — Xi

This hamiltonian acts on any symmetric functlon with orderd partltion

A=A, Aoy ) Whith eigen value g——Z(ﬂ,2+ﬂ,(N —~2i +1)

i=1

Now for CSM at g =1deals with Schur polynomials with (p, g) model
p=q=1p :qB ,which is for free field theory at c = 1.

by using virasoro generators and Hiesenberg operators an , the hamiltonian takes the
form [1]:

:ia—nl—n +(N _zao)p, (29)
n=1

N, is the number of variables,the momentum p, = Znafnan

the singular vectors have rectangular shape diagram:
d A >=S A >

s—,_;
r

where A__, is a state comes from changing Verma modula to Fock space.

rs?

A (r-s)

rs=—

LO |Ar,s >= hr,s |Ar,s >

h is the conformal weight  h, :%(r —s)?

r,

hrs :lArzs
’ 2 ”

by the action of L, L, , on this singular vector:



LS. |A, s >=2rsA,,[S .  >=0

(30)
A, =A,_ ., =0,means that we absract one box from the lower right corner of
Young Diagram.

) | Ar,s >
(31)

s"2 (s-1)2

LS (X) A, >= Vars (W)AO'O Sye o —S

Note that the singular vectors are not singular vectors in Calogero-Sutherland model
(CSM), so when we act by the hamiltonian on the singular vector, the first term of
the hamiltonian vanishes then:

H ’Ur,s = (N 0 _2%)p’Ur,s
(32)
for the second term:
a |A. >=A_|A >=%(r—s)|ArS >

D>a,a, A, >=N|A >
n=1

Z(NO_ZaO)a—nan |Urs >=N (N _r+s)|Ars >

n=1
N
N(N,—r+s)=> (22+(N -2i +1)4)
i=1
then for S =1 the Fock space FAr’s (r,s €z ) have singular vector of rectangular

V2
n
For (c < 1) ,the first term in hamiltonian vanishes,the second term give us:

shape S, ( P")IA, >, which confirm our result.

Ho,= 3 S(KE+(N -2i +Dk)Da" , @)

Ki+ko+.+k, =rs i=1

kyzkp2...2k 20 (33)

N7

><Sk1 ..... K o kr(TP}:”PM >

which is another recursion relation to calculate the coefficients for the singular vector
at any level.

conclusion:
we calculate the coefficiens for the singular vector at higher level (rs = 12, 16)and

prove the general formula at any level by induction,for special case at central charge(c
= 1),we use the relation between conformal field theory and Calogero-Sutherland
model to prove the rectangular shape of the singular vector in term of Schur
function,and construct a recursion relation to calculate these coefficients at minimal
models (c < 1) . The singular vector at (c < 1) comes from the linear combination of
all permutatioin for orderd Schur polynomials and it has a rectangular shape.

Appedix



The action of L ,L, Virasoro generators in equation (10), can be derived from the
definition ofthose generators equation (4) we prove equation (13):

L, ZJX +2Q.(P Q)—

j+l 1
L= jx. +2Q (P-Q)-Z
2 ZJ j |8XJ+2 Q+( Q)8X2 Q

we correct the last term which must be devided by\ﬁ ;
[L,S, (x)]IP>=LS,(X)|P>

=ijxj8kj1(x)+ﬁQ+(P -Q)S, 4, (x)

) 82 (34)

(35)

put j + 1 =m, and by the properties equation (34), we have:

[L,S, 1=k —1)+v2Q, (P -Q)IS, ,(X) (36)
Now for the action of L, :

L=3jx, B o0 p )2 422 5 X)

2
j=1 aXJ+2 X, OX

(37)

put m=j+ 2, and also by equation (12):

[LZ’Sk]: Z (m —2)Xm_23k_2+\f§Q+(P _Q)]Sk—z(x)
m=j+1 (38)
=[(k -1) +v2Q. (P -Q)IS, ,(X)
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{a,a}={a",a"}=0 (1-40)
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AVl adl Laaaal cpfise PIA e oSI Kol e (B Slighall pe Jalals
Aol AL o fnall laipse BLDT il e Legd ey ila
:aull (commutation relation)

[b,b]=0

b",b*]=0 (1-42)

16



i) andius gyl eliail) 3 dabiaall A8l Gl (e gl aladYs
sall

b|O0O>=0

()" 1-43

— | O >=|n > ( )
= I I

s 8Ll ilsise o Jila 220 o gsing Jgisll o lmdll o and Lgiag

C DT Sl e G el s
ol LS g yal) alaill o ilelel) Capaay

L1
Hb =ha)(b b +§) (1_44)

N =b'b izl &8, Vo N (5 giuall 48U D)ie muays

UR (D90 N e OsSS L.,—d\ S o)) Glasually W) Glasa g iligisall ity
Gligysall e Al A ) el <Al

17



:( partition)dijail) 1-4
A=Ay Ay A) - Jie B Al & N 21 omaa 2o gl 43300

PN (ool eVl oM paanas e 424,220, o Cuay

| A=A +A4+...+4, =n (1-46)

‘;A.\.M:\é n Jie e rsia Ada] Sl QL\L‘D.;IJ\ e ‘;Lu_w\ Lgﬂ\ u\)ﬁ‘}[\j ¢
P(N) el ad) lays ( partition function) 453l () sl

n=5 : el e Jbe

5=5

=4+1

=3+2
=3+1+1
=2+2+1
=2+1+1+1
=1+1+1+1+1

p(E) =7 OS5 (5) 2aall liiail) axe

433l aadiudg o (ordered partition ) A all il e b Us beg W
s ol e slalinall cal ) Jial

A ARV Jawd o sedall muagily
o Asadll Al e )y Jiay Ay 5 aaal) d53a

{(5), (4,0,(3,2),(311)(2,2,1),(2,1,11),(1,1,11, l)}

18



s 4 ) A

((4),(31),(22),(211),(L111)}

lede e diaa Al HDSEN Gl dae Gan o850 Ll L 3 Sl Ayailly
(65533222) = 65°3°2°

Young)giss dsis e L Slagya of Bl plasinly sae Y 4550 i
LA e3all 8 el e Je w5l cyal)( Tableau

:(Young tableau and symmetry ) i)y &g J9aa 1-5

palial) e N (geiates, JiaB)lliia 3ye)  Jiail Ak (YOUNG )idiss 3l
oyl Jhal Ala L samg 3 phll sl of gy slalial Jaalial) alasaul
( Young tableaux) ais Jsis anl 2ay laid Cuang peill

Sesaim o Cagteay Big N J (A=4,4,,00 4, )88 §0isr O3
Agie 4 4 jeday i caall o Cumy Cilaage ol e f LA

A0l JIKE) dued lia S, Byl 1 lia

). ..

19



(31). . . (22)

211) . . (1111) .

: j idaada o
AD=@CDL=22)=21)=(1111)

Castall Juat P e JOI S, 8yell ( cOnjugate ) Ayl el
lede JbeS s saacL

31=211

Lbanl) e @S,

(symmetric groups) ag ) e 1-10

20



Dgd ali jealiall Ga(N)22ad Jialiil) JS (e S50 Allg T Adlad) lalid) 354
Jilaall o paall L)€ Bagasasyalll  oday. Ji Al dplas & luae
oY (unitary group) dgssa gl s Al el ghsall ae daisig 4605l
G DA e s 0 S 8ye) J el b il B e Jadl
paliall Jls it bl @led) Ay AEAN) ualial

A o Gmelian) S o slan]  lgle ddbiall ikl oy
i Ladie Gaany 1aa (Klg 3llie e ol 3lalie ()6 o L) A dagall
Gilayas Cpmed)l Ollanle adsal) cililaa) Caal gyal cVla e Lasall A1)
S5y Ghill S s Al T Aaldll jeydl e AR (g Agyall
. [Elliott, Dawber (10)] s

:( Symmetric Functions) 3 hliall cljdy) 1-11

@l ebal die s Vol Cusy x, batdl ge ko aad 5 laliall el Ey)
Lald el Lo LD 5 lalid) Y e s L Clpriall e Jalis
:(Determinant)claasa JS5 e i juatll S saaa b)) o L) A

:( monomial symmetric functions) aall dala) 5 lalinal) clijdy)-1
P =Py Pyyerns Py) S 1)
AL [Pl Aspdll e oM asll Aplal aad

M, =D xxf.x” (1-47)

21



P ) M3 e ey Adiad) ol S e pealls
M, =X X, +X, X5+ XX,

Homogeneous sum symmetric ) duilaially 8 alkal) aand) cili)zé) -2

:(functions

M, aall Glalal IS e paall ail e Gulaidl gl of 581 Cayay

s e p ol Caa

h =3M, (1-48)
pelly e Jbay

h3:M3+M21+M111

:(Elementary Symmetric Functions) 4dixiy) 3 laliall cilséy) -3
tna (1) A5aal 6 Lavie aal) alalS daluy e, bV Caays

e, =D XX, X, (1-49)

: (power symmetric functions) 5 Jaliial) dauy) )iy —4

22



rogll lgady 2ny  x, hariall paall 4l e p, oY) LB Capays
pr :Xir (1_50)

:(S— Functions) S Uiz -5

AN 5 spbalia) aeall U AN Lo ey Al skl clEy) s
Cayys ((determinant ) saasall J< 3aby 5 laliall 48001 bl sEy)
P AU Baaaal) aladiuly S ) )

peall GUEY saaadll g8 S Y Gls 1 JA0 1 calk
pdusy ho 3yl

{534 hzifnj | (1—51)

r<o0 UJS:’\A-MC hrZOj h0:1,

: ( Schur polynomials) g& 3gaa &S — 6

ady LU A e Dty dai yiy Sl piall (Je ngsind das Dl S
gl il S Aty 3 gaall ) ) 5 laliial) 3 gaall KL Lasans
a3 (representation theory)  Jiaall &yl A (ALK 55 plaludll
J bl JSET g ¢ Aalad) dadadl)l ja 3l 8 (pmidall yee Sl claial
cella 8gan il e Uy dgan Gl S Jie 3kl 3 gaall ) S
e g alli Sl dgaa &l yiS

: WE( generating function)salse ls DA (e e

>, ()2 —exp™ (1-52) m

k ez
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s,(x)=1; S, (x)=0  for k<0 o cusy

~~,~g~5:.~?3\ s g s A={4,24,>....20} Q—u;‘d:‘:‘ﬂ:‘u*“-’)i L.EYJ
f 2.‘\);.\5\ ah.gq

.....

Szl,zQ Ay (X) = detsﬂi—i+j (X) (1—53)

24



Al Sl
B aliiall Jlgally Jlig) agia clyis

Zonal polynomials and symmetric functions

(zonal polynomials)Jly; 1saa cyis

L lly (1954 ) ole Guas Jleel - BA e Jlig) 2538 CLES o ggda
cosl. WA e sy (Haar ) ool Al Al ailiad

a3 IS el Al Y Judbe A (e Slaal) (Wishart)eliyg
G Jlsall laaaly |y ot o Agle) Judladl o3¢d oSy LS. Jlis)
. (hypergeometric functions) auaigl)

(representation theory ) Jiaill 4das (g)  JUs) asaa i clan o
Jlsall aladinly i ueil) (Sasadl Cuny ¢ Baaa pailiad L cuyehis
power sum  )iwY slliadl Jsalls (Monomials ) dalaY! s kbl

.(functions

::\,.\SDAA:J\ g A gﬁ JUg) dgaa clis 2-1
zonal polynomials in statistical theory
A o Cumy o pilie e Aflan)l dplaill 8 JUs) 3sm IS 0

& Las Al gdall piialls —3433$ e o Sll(density function ) 4at<l)

25



vt G Jld goea] Qe saanie J) cilpaiall il oY Ayl
aphailly . JUg) 35 CQLAS PA (e s oy Bala mual Cisy Glighiadl
oY dissi Jis ( Generating function) salse Jlss aaii Wlle dilasy)
Al iy Wyl 4 Auain (358 Ally AABSN Al raay Ladic s yysh Jysat
ool STy Jlig) agan GhASE syl alasiuny) el laag JUgy agaa ) iS
sl

o i€ ol ) o Lma) A plail 4300 i 290m S S 13 s
Aile awead cuydt alagy sl @lblually 4,8 Glbusy La.'alj 483 32asa
el il Alad ey lsa slagls Wit Jligy 2gan SIS

aga IS ey B L Lles 20 agas COlyiS alasiud s JgV) saally
o el Gl JUs)

o Ladie JUig) agaa S (ailiad aaal 4yl alay) o bl gaailly

Calilall calaasll

caall A anigl) (s il Adlatial)

(PR Al sl e JLalés Sigal (eigen function) 4gly alls L3S
. [James(20)] . il jisal (eigen state)dsld la syl

s (Calogero—Satherland ) z3sall ale (gilala muay datend dic g
Jack ) dls gy Jug) agas @i ey L sane Glaes Alls Coiay
cosd gas i ol a4l (functions
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donge Aagnia daelY Ajad DA e Rshias oY Jlsg) as0n S oyl

A3 5y = (Y Yy) o oble (MXM ) dghinn 2y Sl 1Y) iy pal
J}J;E):\:.'\Sd;uc\j;{ﬂ M e uny el cuan k1 k =(k, Ky k)
Dstaall ko daall e duslatieg Bblie 2915y A C (V) iy ddu)

27

ol g YRy sac(y) b e (]

c.(y)=d,y; ...,y +lower.terms (2-1)

A, Fsall A8ld Al o ¢ (y) asaall )piS(o

m 82 m m y_2 a
A, =Dy + ! 2-2
oI oy iz—llj—;yi_yjayi ( )
AU e s inall laag
(try)" s die 3aag COlalaa JUig) asas SIS (o
ry) =Y+t Y ) =D Cu(y) (2-3)
k

laall Jligh agan i<l 25 el Y andies Cagas
:[Muirhead (29)] (2-1)4 ki

Llalal) Aaleall 3883 k = (k... k) 433l Gld ¢, (3) JUg) dgas 30

A,€,(y) =[5 (5 =1+ x(m ~De, ()



(2-2) 4l b Jisa) s A, Of Cus
Js¥) asll (2) Jayilly (1) Loyl e sl

AJYitey o =
m 62
DVt = 2k (6 DYty )
i=1 i
(2-5)
Joy) aall
SR YK gk gy oS YiK
——(y .y ) =
.Z:;;y.—yj 1 Z;ley
S;amhu}
oSl
Yiki Yiki
K, = — _
yi_yj yi_yj (2 6)

Pk AN daleall 8 sl

c.(y)= [ZK —K+ZZK +y ’); 1(y2....y =" )+ Lower terms

—[ZK‘ — K+ Z % (x; +

i=1 j=i+l

G — )Yy )
yj

:[rich —K+mZ_(Ki m—ix)I(y; oy a)
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= i[z«i (x, =) +k(m =D](y*....y ;) + lower.terms

el e clBle JS5 (2-1) Apladly Al J) ) G
» dlg)y agaa oy i
o Lails Jlig) agan A dale Gapa 20 Y (V) s 4l ) el
. pylaliie gyal VI aladinl Lie el
Oes C(y)=y " aaly ey 3l JUg) 293 Gl glam=1 e
o b Jie el

c,.(by)=Db"c,.(y) (2-7)

sylaliiall ZalaY) VIl alasinly Jlgh dsas S Jia (Sayg

M (Y)=D D yoylz...yr (2-8)
JsY) sl ANy A5l b dgpaall e el aae p of s
M (y)=Yy *..... Yy ™ +symmetric terms
:JGa
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30

aag 4l Cus k=1 die sylalind) clalal) ladiul ¢ (y) leals

aalg 4350
c(y)=@try)=y,+...y, =my(y)
(2) At Bl JUs) apas GBS o QUS) 2ag aag k=2 e

tol A Al e duilatiag sylalie ac (y) o Ly - (1L1)

Cz(Y) :d2y12
=d,(y,)+....+ By,Y, +symmetric terms

=d, (Y, +oreens +Y )+ BY Y+t Y Y m)
=d,M,(y)+ M (1,1)(y)

(1)l s

(1,1) yanll
Can (y) = d(l,l) (y,y.,) + lower.terms
:d(l,l)(Y1y2 + ... +YmaYm)

(3) Lyl (e
(try )2 =C2(Y)+C1,1(y) =M 2(y ) +2M 1,1(Y)
:dzMz(Y)"‘(IB"'dl,l)Ml,l(Y)

:ut& l.@_.l.dj

Sl



31

C,(Y)=M,(y)+ M, (y)
Cl,l(y ) - (2 _,B)M 1,1(y )
riglalal) Aabaddl & (2) Lyl eealag) Sy gl

A,c,(y)=[2(2-1)+2(m —-1)]=2mc,(y)
=2mM 2(y)+2mﬁM 1,1(y)
AM,(y)=2mM ,(y)+2M,(y)

AM 1(Y)=02@m -3)M,(y)
by odlef eV aleall 8 Gy sxilly

2mM 2(y)+2M1,l+ﬂ(2m —3)M1’1 =2mM,(y)+2mSM 1

oY) =M (V) +2M,(y)

4

Ci,= 5 M 1,1(y )

raye WDl el B Lapall 8 dlalal) adibeall old ale (S,

JUs) asas 5,88 8 sylalina) clalal) <D lebes

c.(y)= ZCK,AM 2(Y) (2_9)

A<k

Ll aes o oSl maalls Culd e, O Cus
s ISl 22l ca gl o3ed Lma yallg A8l



CK,z: Z (Ii +t)_(|i _t)C

A<u<rx p,{ - p,{

(2-10)

K, U

[James, (20)] s

H>A G dhad g
@b s Alualal) Aaladd) (e 3yl oalay) 2y Y1 aall culll G

) s aeluy Bagee,, =1 Gl C,(y) a5, Y« 1

Gty DAPIN|
Cld agn AT EBLelaall alaY a2iius 3paY) ea yall A8
L Slel 4,
k=4 xc:Jla
C4(y) =M 4(y ) +C4,(3,1)N 31 +C4,(2,2)M 2,2
Ca211) N1 +C4,(1,1,1,1)M 1111
c,,=1lfori=31
p, =44-1) =12
P, =3(3-1)+1(1-2)=5
. _(4+D-(0-1_ _4
4,(31) 12_5 44" 5
C4,(2,2)
iyl e S
P,, =2(-1)+0=2 )
“ (3,2),4
4-0 (2+1)+(2-1)
Ci22) = 12_2 Chat 12_2 4(31)
2 2 4
=—4-—x=
5 15 7
32 _ 18
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(22) 5 (3.1) 5 (3.0.1) @i ge b Cyaan

Po =2(2-1)+1(1-2) +1(1-3)

5 3-0 2-0
Chrany = 4% 12 _1C4,(3,1) + 10 _1C4,(2,2)
6 4 2 18
= —X—F—x—
13 7 13 35
1
35

Gl e 45:’\:‘ Cs111)
(2,0141),(2,4,0,1),(2,1,1,0),(1,2,0,1),(1L.1,2,0),(1,2,1,0)

)t Paiiy =—6 O Lads

2-0 8
C4,(1,1,1,1) = 6-@04‘(2‘1’1) = %

& Abll Aspall e Jligy ag0s 3,08 Gl

4 18
C4(y): M4(Y)+7M (31) +£M (2,2)(y)
12

8
+ g M (2,11) (y ) + £ M 1112) (y )

P JAI0 S ) (K A0 Jlg) agas 58S

4 18
C,(y)= M4(y)+?M 3.1 +£M (2,2)()’)
12

22 M iy () + My (Y)
pla SN saad)l JUg) gan IS (el ey
Talime kO pasias (2-7 )ADAR o, , Calaall il I3 )
pedi k32 Eel culS sl e eBal) e p
=0 OB A<k sdpial e ehal) e p
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O Gimy TAS Ge mxm Adghias & Y CulS 1y Y

ool e S K &aS 4k cilS gy, ==y, =0

C.(y)=0

als e eyl

3308 LIS 8 M (y) sbalnd) Lol eIl cDelas 1 g
Awalall A5yl Llads ¢, (y)  Jls)

A
k =2 M, My,
Z, 1 2/3
Z,s 0 4/3
M(3) M2.1) | M(1,L1)

., 1 35 25

. 0 12\5 18\5
Ziny 0 0 2
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> (4) 31) | (22) | @L1) | (1,111)
., 1 47 18135 | 1235 | 835
2., 24T 167 | 88\21 | 3217
2., 0 0 165 | 3215 | 165
- 0 0 0 163 | 64\5
2 0 0 0 0 16\5
5141 32 311221 2111 1,11.1,1
.. | 159 10211063 217 | 421 8\63
2 | 01409 83 | 469 | 4 143 | 409
| 0 4009 | 48\7 | 32\7 | 176121 647 | 80\7
o O] 0 | 0 | 10 | 203 | 1307 | 200\7
2,0 0] 0 | 0 323 | 16 32
2o 1O 0| 0 0 80\7 | 800\21
2 | O] 0 |0 0 0 16\3




A1 Al el Jligh asan AES AP Al eVl e leles

Py P.P; p;
2, 8 6 1
2, 2 1 1
Ziy 2 3 1

(e (Wishart )agsi ddghind 281 ) odall )il s Loy
Bpuaigl) (35 Jlsally Lt ey lagsill o QUi 250 IS A

Aladi aladiuly LS (Ko 4lly  (hypergeometric functions)
JUg) 25 QLIS Glual ogula mali aag o JUg) 538 QLIS (e
[James(19)]. 4wl dxyall (ha

JUs) distg s Jig2 2-2
AV Lo Ll (Kay Allgedlla Jlsa (e I, () 3plaliiall Jlsall
VAL RERTR I

J,(x)=2 v, (), (2-11)
u

[Stanley(35)] :(2—2)4y ki
G Y Jag i) gaad ¢ J, =, (X, B) s byliliie Jlgo llia

Az p SN <)), >=0 dbadl- Y

36




o 3,000 =Y, (@)m, JSAL S 13 (traingularity)ashdt v
o

cusa S 1Y Y] o, =0 @bl
1o, debedl gl |20 culK 13 (- normalization) el ¥

-

Nt sl X, X, X
Gl e s Jlsdd aald hilla 2agi

( Hook Length)elsell Jola sa H, of cam 3,(x,0)=H,S,(x) —1
phliadl jeidlly & 5,(x)

Ugy dlsr & Z,(x) ¢ J,(x,=2Z,(x) —2
sae Cilia Calial aligaSle. ((H.Jack)dlla gy U8 e ledys 25 dla s

» AlsaSle dgaa GLES o4 3 ds0a GDIES ] gasesd a3

Cigw ) B=1 vic Laial) JUg) dp0n GLE Ll Glial) (e
EaY lgeadiig
Z iy, X)=06LZ, (X)) (2-12)

.....

a_zk(x)zzk—i (x) (2-13)

-0 (2-14)

Zy k2., x)=-2Z Kyvork —Lk 1., (x)=0 (2-15)

...............
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Z (m_k)xm_jzk_m(x):(k_j)Zk_j (x) (2-16)

m=j+1

(23 ks

N i N
A=Yk O s e = (A2 + A4 (N —2i +1)
i=1 i=1

r ol )
Sy el Y el el Al Y 3 — e IS ¢ silela
T JSAl 2k arpa saa)
X, +X;, 0 P
H X. —) + X, — i
Z( ) ﬂ; ST Xig) (@)

J ! J
3blie dlla Y 5 ¢ Ailatiag 3 kliie JIgo o JUs) asaa &l I
N . o Ve s " . . e
Wl (Xx, ) b e el O m Al e f(x) Ailaes
i=1

PRcLY
J 0
X ax_.f (x)=mf (x)
S (2-18)
Zx,ax Z,(x)= ZAZ (x)
e s
I v
g(xi i 57 0) =§z. Z,(x) (2-19)
10 silelgdl e A 6 3l
;iffif(xiaf_ >Z =TT 2200 (2:20)

j i I#] J
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.‘+1 :1 =

X; +Xj o B o B -
izq;xi =X & OX ; % OX | )Z*(X)_;(ﬂﬁ A2, (X)
(2-21)
igall oy
2. =2)=(n=-DA4+( =32 +........ +(n—2i +1)4
- (2-22)

=Zn:(n —-2i +1) 4

ool JaiSy (2-17) Uoladll (8 (g 52l



Gl Juadl)
A — g gllS 7 dgaiy BIgE Jhad) 40 o ABMal)

Correspondence between CFT and Calogero— Sutherland Model

sLd)l agdl BHnS Bacluse ooy dflaeriy AW 53l - 5 e G #3500 ()
Yy o ALASER Al o3g] m gl Jlsall 5, 3aal ilamanl] Fa gl
aadall o silled (Eigen functions ) Al J)sall g 5 ykalite JI 5o
oo L Blaiy Los z 3l o2gd Ty pua lam g i 3l 5, @l 3 gaa ) S (pania
.3 haliie J) g

Ala ge shhe Al Jaal) 4yl 8 dglall i) 8 sadiall Y
Glai gl LS ol Al Cum e igl) ) 3alll laa o0 (state)
iyl s Lualy, (correlation  functions ) L,V Jlsay

Kl g Afilanl) KalKaal) 8 Lu\:a).\s 5 (representation theory)Jidll
Lod zisel b sanlsiall Jaiall o Jeliil g5 A DA (e gy a5e)
b Loge T30 Canli 4880 55 = 3ad JOA (g i 5 AleiDU) slad) (02

5 S pae k] (8 s 50 JSy rada e 138 56 (81 i) Janl &y ks

zasa B osilaledl e il S Jeall 138 (8 ge[(3) S 6l al
S8 gl Jaall 3y plas e g ) sual yud Dl g AV Y M — 5 e I

tosuld e 3-1-1

ipaal aly ombyliLie algebra ) 1 el 53 e alial gysulyd ja i
) aeSe JSG g Lol A8 fige Jasy 43 GVl e Ljll 3558

Blal clie Jia 8 Gl a0 ) Gl aamy 8 sl 4y)ka 8 (quantized

40



aSly il dgyln Allaly 1970 ale elpdl) Jao 5 Guany & elasy)
ons b ) il Gl

: IS Bl By fige Caymy 5yl il fige alainly

T@E)=> Lz "? (3-1)

N =—oo

Sisd i Gilgs (modes) blal el e sl o alsa (I il (S
L) salls(C) el Mac¥) desana ) aiydae Z o cp laadylaalal)
Dl axy gyl s s

1

L, = .
277l

$T (2)z " (3-2)

(1726 )ADladl iy Juasmd sise odlef alsalls

L, =L (3-3)

i3Sal daddl 3-1-2
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sised Z,m ihas Jes( correlation function)) dala)¥) alls Jase 3a) i
el Jan JU Ll Al Jare 330 die jeday Y sdly C aall jels Al
e ()5S Lavieg . Ly Slis ol ¢ BaYI-280 fige of e Jay Va5
Jsiall aalsis Cum el Jiall 4k Jia L3ld (1) (gl (C) ApSiall dinl
1SiNg) jins) 7z 3 pat ik = el wie Lty .+ Lgtw el aagy Y
g)iasd gased S~ Jadll 2o Liy . gy g Yy s JSy
OV i oo c:g ) ve(pot ) zisaisy Adlaal) Kl 4 (model
ljlaia laxie Ky (critical model ) zjall =3 sail) Jiad salall ae dndlal)
Dhaially ¢t Apdlall Agllls salall JV) M ioue st e sSg (26) AS))
DUl sy (€)J LK

C=C"  +C =26 (3-4)

Al A58 5al) Linill aad salall ¢ Uaill
c=1-12(QM)? (3-5)
Al Apdlal) o Uasl Laiy
c=1-12(Q"%)? (3-6)
oSl ADLY DA e QL5 QM (m Al
Q. == Q" *iQ")
+ \ﬁ -
Q") +@")*=-2

(3.7)

i (34 ) sl (e
Q.Q_=-1 (3.8)

: hgldll (conformal weight ) _&lall )5l caypaiag
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h=%p(p—2Q) (3-9)

et Gy Q oylaie JU) axy adyyisalels @byl & p o Gaa

reai. P=p-Q (background charge) s yall Zaa i)
oDlef A8l
1
h= E(P -Q)(P +Q) (3-10)

sl Jia g aV) o Aoy inal) cava Gud) of A8UAD) Jiay o315
OBl arye salal) ¢ Uad 8 & Lai g (Andlall)

p* :%(PM +PL)
PY(r,8) =21 +5)Q" +(r ~5)iQ"] (3-11)

iPL(r,S)=%[(r—S)QM —(r -s)iQ"]

™

Q.5 P* o ADall Cayped Jlialyg die Jaifs dda Cad PV PE ) Cas

t IS 1,8 >0 dgda sl aladiuly

1
r=—-QFP"
- (3-12)
-1
s:—%Q+P‘

la agda @iy gugulsd > (3-2)
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c AyS e Ainds Lo(nez) 2 an gysmbd s ()
: Aol Oe

2_
n(n 1)05

12 n+m,0 (3.13)

[L,,L.]=(n—-m)L_  +

A Badh dphy  Lege s Cunls sosulid J8 e e Al
Jiai I gysmlnd s Ulea 135 . [ Belavin Polyakov (3)] Jd (e caed
A elad e ClyseS L, (nez) sl Slalse i Jg)s
b sl i (e 3N LY Alelh clpals cudl elakill 1 L gyl
Aty Jsia Alay s Gilise oly (Jo ol Llangs « 3ase ablse
Sgh o liab 82yl AaiY) iy VA pany b Gl Ules, s,
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v, 2 s 293 LIS Qpia PIA e (Jaxd 3Gl YW 4y
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(CS) ziseiduh & Lulad 150 conli glani degiia 40855 ailad |
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p e Ll AA) G o Lad
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(CFT in Virasoro algebra)
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C
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Z =0 xc

|h >=limg,(z)|0 > (3-24)
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(3-31)
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dapall b ald ol e 5 sl b Gl ge aladiuly el
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N

H
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Fsalls g oliady (W68 — (b JAa A dulal fouinly Glfise il
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S

Z3,3 |Ar,s > L;Q LZ ﬂ)’db ,).'Puu}
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[(35) it Joe £ lra Lay

<Z,Z, >= 51,;12_2'1'1_[(‘3(3) +2(1(s)+1)(a(s) +1+21(s))

sel

(4-5)

wmly s L7 Jia b p, deleas

:JGa
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A ysd) Jligy s S (e Ao sanaS @lsh o Liad 23
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s sis S AV Ll £ ladl) 4-4

Dbl e L, Ll s 8508 e Slanall Jip sl e L, 8l ol 1Y)
iS5 A0S Japuiils. L3l 255arll Aldiad) (SLY) 3 Cilagpe Capay
Z, > J<all Z, A >

58



leiag
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tde Jeant odled iiall (e

-<2Zﬂ,21y:>
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/’Lﬂ<ZﬂsZA> (49)

y77Zs
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5 1.2 -
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t e ot Qi
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6 T 1 2(r-2)s+3) Lr2r-D)s+3) e (4714)
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Ly 120y € <1 gian 4l Zinil) yls 1 J320ma 28 Laaiiiud 131y

oSl Arg oY1 sl @l Alall A sale) e
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(S+ap)(r+aq)_lys+ap_l | Z (S+ap)(r+w)_l,5+ap—l

(4—20)
oSl
C((S +ap) ()1 s yap 1) (s+ap )+ =
J28 1.3 Ao
(1+(r +aq)B)((s +ap) + /) '
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<ZplZz> 1(0+38)1+28)(2+L)(B+05)
Zo,1Z.,> 4 O+ B)(L+0A3)
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Aoo aie gl r=3,5=3 aic sy 1aa yla (4.17 ) Al

Mg Ll sy 08l by 4-4

Logarithmic Divergence and Jordan Cell
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[Guarai(17)] st s b @l Ly s 3 claelal) 2y o)
el Ay ) 801 il (=-3) 5 €= gl
comaiadl QB e Ji agag leaaly de g pailiad

i gana exd 35k 1305 ayen sl a5 yela Bl Sige S L,
s 5l Jlsa o null states ) dpaall (i) eV @ ) o
O oSar L-L osileledl G came LYY gl Jaal) Ayl 8 aaais
LYl dlss A aiedlll aag oo @l papiadd ALl e AN sl
veal) 058 ol pasids g0, Crpdlgi (s 3gas vies Tl aa)¥) il
(EOP)inall capm 55 ) (5335 (San E15il

@, (2)p; W) = Z (Z _Wc)nhi +h,—hy Pn (4_28)

1LV 0 s 28l sle) Gudiys gyl b olia dsms g e
P et idad]

<p(z)p(0) >=z ="
Al alall 5,00 ik cas (€ =—2),(h :—%) z 3 ie) 1Y
F() ANy ghas @ Jiall Lli oY allall Gla SL(2,€)

<@(2,)p(2 )p(2,)p(2,) >= ((2,~2,)(z,-2,))*F (x)  (4-29)

S Al F(x) Al sl dlule i e (4-29) oe] daledll;
simall Laaiin) 1) (San 1385 ol ipall Capan i Sy M5 dyagac
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vie il g ledl] Sl gl g a5 eI Glelgd o)

h=—l,c:—2
8

HZ ,(x)=¢e(B)Z ,(x)

g(B)=2 4 (4 —i+m-1) (4-30)
N 2 82 m ) 1 0
iz_l’,xi X2 Zl(x)+iz_l“xi ;Xi xox, Z,(X)
3 (4-31)
D ki(k; =i +m=1)Z,(x)

Il
i

ifal) Llalall Al e Joasi m=2 aic,

X12 82Z/I(X)-FXZZazz}“(x)_F Xl2 azl(x)

6X12 6X22 (Xl_xz) axl

X, O0Z(x) 1 ., ) )
Txox) ax, 2le tATA(GDIZ.0)=0

(4-32)
O axi XX, =Y, U =XX, Jladialg
82
ou’
2

+2uv Z +U—7Z +v ——7 —[A%+ Z =0
ouov  * ou * ov A A"+ A4 (4 -D]Z,

uz-2v)

82
Z/pLZ\/ZWz/1

(4-33)

u
sl o rzzﬁ’t:*/; s
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2 2
(1—r2)%2/1—t2%2/1—2r oz,
r

or

+2[A° + 4, (4L, -D]Z, =0
(4-34)

ot Gl t 8 dlaie Alaleall s2a
Al LAY Aslad) Lo Jeanidiay Z, =tDf (1)

o°f
1-r?)—=%
( ) or?

~ar Ca (= A~ 2 + DI, =0

) - 1 -
MJM\C._\..A.\&JMJ.\MS W:E(l_r) @4.16;

d *f

w (1-w
( )OIW2

+(1—2W)%+s(s +Df =0 (4-35)

- Apuigh (358 Aalall Alalaally 5,AY) Aslaall A3jlie ey 5= 4 -2, of Cas

d*f

w (1—w
( )dW2

+[d —(u +d +1)W]%—abf =0 (4-36)

Agunigl Alalall Aibeall Ja 8 dieaie Jlig) 2s0a LIS G aas

—-S=ab=s+1

1 (4-37)

Al AV Pliiee Pla Ll Lsaigll loalitl) dolealls
f,=f (a,b,dw)
f,=w'*T'(a-d,b—-d+1,2-d,x) (4-38)

Py (4-29)s ¢ Jisll (OPE) & xic g [Erdelyi,.. (11)]
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P(@)p(0) = (1 +2°71) (4-39)

dsaa ) o 1aas oyl e 4nd e 17¢ Baagdl s s 1 s
sl 1 Gl (d=1) il el e Legd 101 ol 13 Sye )

I e spaaiall Clisall 02y ailg

ISl et iy ugis i Ayl lgie Adph (e JSL Jad odlef Alalealls
‘\ﬂaAJA PEYTS é;\ gdjﬁj n=0 dcgJ 4;31_\3\ Aaladll déj x“Zaﬂx”

Ll 358 A1l

a(aa-1+d)=0 (4-40)
-1
C =2,h§:uu\ de d=la=1 (eal daleall Jag

SIS T Bpanigll g0 Al Ja 8 Sl

f (x)=F(s,s+11x)
f (x —=1)=Log (X )F (5,5 +1,1,x)+H (x) (4-41)
bya aaye g Al H(x) Al sz 0 J) (e Apedia (358 A aF(X) G Cas
Oy (8 Ol pyes A Jla s X 1 dipma ad e Akl Legal cplally
P SIS Jeatig 17 Jinell huald el
Ly [@>=h]p>

Lol >=h|¢'>+|p> (4-42)

pdiall o gygulyd clalge il Ly
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[L,@]l=(z"+d;"+h(n+1)z")e

L, ¢1=E"+d; " +h(n+Dz" )¢’ +(n +1z"p (4-43)

G Al Aaledlly e lll Glpill o i ula) Jiall 8 o Lag

Z—ﬁﬂﬂ’ g h J Ay JY) BlES) (e Ledle Jgeanl)

a8 Gles maia dxe cplall G @)l 568 Ladie dmajall ALl 4
pecling Allall ol (8 1) J Oy, Sy el g Galial D yigall
olial el isadl i aie Jaal) abal o Uag s dmayal) doled) Ja & ddaada
s ld o glid —maimaz die Win omaa 85 ae g 1 G e 3
Al By g @G 2 I AT Ol M Al o vies Gl 385
el e gysubyd clale 580 0l m<0 pagsc=—2,h=1
Ly lolH o>
Lolo'>=¢">+[p> (4-44)
L, ¢ > &>.
e L)l sl and i dangal) sl o> Al gl 1)
e Jiw Al Alalal) dabaall 0s<8 Aalad) Al 45 . ( quasi-primary)
- ldall Gl e F(X)

(4-36)daladll Ja ol [ Erdelyi,... (11)] ey m=0,d =1 A s25e
AL aw =0 e Laiie (58 (gl

fw)= ZM\N =,FR(@b,d,w) (4.45)

diey Apunigl 58 Aol & R @b,iw) O Cus

i a=sb=s+1d=1
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1-r
f (r)=F(s,s +1,1,T) (4.46)

( Erdelyil981p 111)aruxigll 368 Jlsall (ailad aladiulys

FQdJ&d+c%i):F«L&d+e+%ﬁﬂa—U)
(4-47)
 ola Al

fa)=Foss+LL5%5

_ 4.48
=F(_S’ﬂ‘,1’1_r2) ( )
2 2

[Erdelyi,...(11)p 108] as

F(ab,dt)=AF(ab,a+h-d +11-t)+A, (1-t)"*°F(d,ad -b,d -ab+11-t)

(4-49)

:QT Sua

-

» _T@)r@-a-b)
' T(d-a)rd -b)
r@)rd +a-d) (4-50)
© T(@re)

73



: NS 4l Ky ((4-32) Aalaall Ja yls

—-S s+1 -s s+11 ,
F T ARG )
+A, F(ﬁ’l_s § 22)
2 2
(4.51)
rore rore)
r¢IHre®) c*wéi5

AL aat A8l A pall JUg) agas GES o 5 g

Zan®)
Z,,.(,)

MZN;NDF .
- 0, .59, Gl
( 1 ) F(i)r(ﬁ) 12)
(1»”“”F®F“z)

2
F3e 2.3 (50

2(x,X,)" T(3)CCH)
(4-52)
Z,,()=2%" s ansa saa e A s & ddaa &

A ylaill LW A5y e i) g ledll i 2, ,(P)  Gla 4 =4, ey
Zisai (e llee oy Ll h:—% S5 3l Ly 13l . € =2
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oo W iy 1, 8800 Jiad) 8 (c =-2,h :_% ) A Sy Al
Gyl o ladill Jola o Jsially Aiaal) A5l Glalll 3 Gy o
S esalll (e Yoy Jligh agan b AN 2jiiall g el alasinly 48080 big)
A e laill Giliae e ) Jin e aleilly iy slll 35l

CRay 138 8 JUg)y agaa ST aulgll saddl (<5 «(Normalization) sl
) Clalise 3 Gl Tuly e
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Cualdd) Juadl)
Latal) JUjg) dgda i AW 3a,dlal) 4l

Singular Vectors in term of complex Zonal polynomials

Aamall JUig) g0 GlIS aladtinly 3 jdial) ¢ ladll ol a 8w Juadll 12 8
33kl Jiag (Gravitation Field  )audlall Jia o Jelé agay i @llhg
SO(2,C)  saaleiall Lalall 503l )50 plasiuly dlldge ( Matter Field)
it Il cubia (e 0S5 £ AU A L5al) Alall Cuac gaiall ¢ Ladll 3
Laidll O G moal) 2 3sail aladinlise dlal) Jigy i AT 53ald) Jiey
Jiny lay Laaaale Liad oifia e il g (126) o5l LIS 455,54
.C" (Liouville Field) duilall Jisy Gleiy S, ¢ saldl

e Adlall Jis Jeli agms 20y ¢ <1 sl Jisd 438500 Ainill g
Legin Jel@ (50 bee (DEal) aalgy c™ =1 aie.sall)

CHES alastiu) iy Gigas (3-11),(3—8),(3-7),(3-3) @l Pla
JUs) asaa QLES Jidad axy (aaly Ca (e (sS5) A8IY) dgnsall JUs )
[Bouwknegt (4)] . s}l

o Jalai Wil JUigh agaa i€ 4 B=1 il e (S Lavie
oalbad mad e LiSa lage Aadall Glilaal) AV JUg) agaa GifyiS
L Loyl iy o) ad) Adaadle pase JUs)y dsan ClES 3 el agaa ]
~0ad )z dsat by Laily a)M g e IS e 5 a8l Jaadl Ak oy
ve il g il Jo Joasdl g)subd s aladiuly clod 2301y (68

c el JUg) agan S ek S5 DA e (g5
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(

:dalal) Jaa ‘“A sd clalge 5-1

F(P.Q) (Feigen— Fucth _fng () ulie (o dap)ll [4]cnSsls 218
scalar field ) uld  Jia P (0 gosulpd ym aladinly el = dgaig
Q dumaye Andige( [P > ) g Bl dae ) yall Al e w Sled slndyp(z)

gl Jeld e ety SoudISH Jiall aeSill e i s e Hle & Al
JJ}“‘\J:"&‘ JS)A u.a“):u (s C=1—12Q2 MJS)AM}(MJBJ\ EGM\}EJLA\
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L, :%Z:akan_k .—n(n +1)Qa, (5-1)

k ez

O ABalls masia 222 N pdl) S5 a5 pRIA Sisea o) S

POl
[ak X = ] =k
[ak ’ an] =k 5k ,—n (5_2)
P > Al Al Jlea, 55l Lay
a, |P >=0 (5-3)
:@mﬂnzoﬁu.'\..g .n>0Q}SE Ladic
8 |P>=p|P > (5-4)



iy (5-2)A0Na)) (e ol ol olad 8P > A et il

L |P >=%z:akan_k :—n(n+1)Qa, |P >=0 (5-5)

k ez

n>0 Xl

A el sl (55 (5-2) WUad) alasinlyy

[Ln » Ay ] | P >= _kak N (n +1)5n,—k (5_6)

paa e ANNA, o Gl Al g o S S Ul a8 o Caa
WD maai x =Za 0=, o) Cumy QY dpmayall Aiall JlASY

k
: JLalb (5-6)

O
[Ln’Xk]|P>:?[Ln’a—k]|P> (5_7)
:[(k _n)Xk—n +O_(P _kQ)ank]lp >

L) Dty Agmayall Aaadl) 8 o) g il o 35 Ll Adaadle e
Slo i Aadie <Vl 3l PY gl DU Al GKQM il

CM <1 aie Al ggine daa3 llg 1,S%age danaia dacls Lald cilaaas

ol M=n S Laie @lldy(3-22)  Zhalall Adkall padsl - clalgally
: 4D

[Ln ’ Ln] =0 (5_8)
b JSAIL aain = m (sS Ladie

[Ln’Lm]:(n _m)Ln+m (5_9)
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Glan =—1m =1culS 13) Diad ¢ (AY) Glalsal) apea A o) Sy cllily
PO g sl Jiay Ly igallse [L,, L 1= 20, el Al A)

[L,|P>=h|P > (5-10)

U-J)j}“n-‘ @'.'\S.\ Uu,g \.M’} [Ll’ L2] = |—3<,'7'i""3 45;\3” =1lm :21'.”“‘."} ‘513
L,,L,

t Ly sl aladiud sie sl (5-7) 2Dka))

[L,, X, ]=(k =Dx, , +o(P -Q) (5-11)

Ly 8 Q8 X = (X, X g X ) i pial) (e 1S laae (g5iad X (65 Lavic
cdal mb X e

< d 0o
[L, X]—;JXJ' 8Xj+1xj+1+2Q+(P _Q)EX15J',1
(5-12)
D dinde J€0 e L o€l Lo,
L. f (x)]=[>jx, =9 420, (P -Q)-23f (x)
v i=1 Jaxj+1 ’ OX 4

(5-13)

e[y, g 00Tl A alasiubiL, Ssallig (x) oY) e sl 13
t Udaey 4dli) P > AllS))
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[Ll,g(x)]|P>=(ng(x)—g(x)L)|P>
=3 % a —2 g (x)+V2Q.(P —Q)=

J+ l

g(x)1|P >

(5-14)

aligat oSay as L, finall dsilliy « hea gsb g(x)L, [P > 2a)) o s
g (x) @;@ﬁ‘m\m(m\@w ys Adyylall ey AL dapa )

IBEICOED W 9 _gx) j_

8X j+1

62
+o2 o g(x)+o?g (x)
1

1

(5-15)

P dpaal) Jlig) agaa clpiS Ao L,L, i 5-2
Action of L,,L, on complex Zonal polynomials

Pasinls Z () A5a3 050 Jis) QU8 e L L, e IS Ay aai
Al ddally (2-12) Al (e oY) JUs) S ddiay (5-13)3Ll
D rmay Z () Gle L gl (2-16) Al
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[L,Z, 1P >=(LZ, ~Z,L)|P >

=LZ,|P >

=>ix;Z, ;. (x)+V2Q,. (P -Q)Z, ,(X)|P >
ji=1

=[(k - +2Q, (P -Q)1Z, ,(x)|P >
(5-16)

deg ¢ Jugy pan GhIES o aaly e padla Ji5eS Jomy LG i 2as
LS Agllly ) Gitalls (2-13) Akl aladiuly L, jisally sbil
P e 0588 dail) @ls JUs) 2

[L,,Z,]|P>=L,Z, |P >
= > M =Dx,,Z, () +V2Q. (P —Q)Zk_z(x)+2Qka_1(X)a%|P >

m=j+1

={l(k - +~v2Q (P _Q)]Zkz(x)+2Qka1(X)a%}| P>

(5-17)

Oy Jlaay JUig) asaa Chisl (aila i5eS Jany L, d2aa Lo sy

Dwal) (S aibs o) ililaall aY) Caplall 8 sl aall Al W
hibedl AN ars 1,5 >0 Lamse dagmia dlacl A0S Baas iy AV 4ic
V) oda ligie ge el L Aladiadl el e Bl s S Q,

swall 5l r=Ls 2 (3-11),(3-13) Cllall Pla e Slld Sy,
p JSall (3-11) Al musi s
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c(PM (Ls)-QM) = ?/%[(s _DQM —iQY)]

=1-—s

(5-18)

Sibsd Jiad) (e US ae olall g Uail) b g 1aasy) Jalisy) (s ke Alaladlly
Ala A Lin . 8 (gyimall die legia JSI dmajall a8l PR (e 3kl Jang
Q" =0 (sS8 Cun Qo Jia pw Jasiy ¢ B s ( free field) ) Jiall

P JSAll il gl ey Sl
PL(l,s):%(1+s)QL (5-19)
ks ANu (5-17)¢(5-16) uilaladll LS Koy A

[Ll’Zk (X )] — (k _S)Zk—l(x)

[L,.Z, (x)]=(k —S)Z, ,(x) (5-20)

OsSy k=SGssiual) diey (mdlA i5eS n=12,L, 7 (x) daad 5,aY) doledl
zs(@pww > 3l g el

: Adjaal) JUg) asaa clis Jo o 5 5-3
(2-11) aBal) o Ay Jlgy Ol AV Jlig) dsan S (o
e B Ay 4,4, A, Gl Jde 1 5 4o Jani

e it vey 7z, =7,z -7, 7, JSAN Al z, asall5yiS
Agaliiall dgaall apead & (2-14 ) ABDalls aysill Apalss alasinly L, Sigally

-~

. .
.
M -
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...z, ,1=[L,.Z2,1Z, +Z ,[L,,Z
—{...2, .12, ,—Z,[L,.Z,]

—[4 —1+V2Q (P —Q)IZ , .,
+[4, —2+2Q,(P-Q)1Z,, ..,

21

(5-21)

Z,, e L saalie adaies Wle 4,2, 4 (3) @liaill aae ()5S Laxie
Hal) (555 ¢ L) B Hlasiuly

[Li.Z 5 0, 0,1=

[4 —1+/2Q. (P —Q)1Z ., ., 4
+[A4, —2+V2Q, (P —Q)1Z , , ..
+[A, —3+V2Q, (P —Q)I1Z , . .,

(5-22)

JUgy dsan LT g)al ddia andins Lals LW A5 5 285l G Layg

=0

i Olles 3 7, e L @l 44, 4,4, DG5S anY Ally Wl
:J<a) a3k Al
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L. Z 5 a0, 1=

[A —1+~2Q. (P —Q)1Z , 4., . .,
+[A, —2+V2Q ., (P —Q)]1z Ay Ap 1 A5, As
+[A; —3+~V2Q (P —Q)1Z , .. . 1.,
+[1, —4+V20Q, (P —Q)]1z ApAp g As—1

(5-23)
obai M gom Aaall e 1, G 5D (23,22,21) el o

355a5 gl Aol LIS ) Jlgy S @l i Gae (1) laiag 35507

.A;‘JQ_LA

(5-24)
JUs) dsaa s Ao 1, A 5-4
ausil cnalis (2-15) adlally (1-24)akall aasiiu lada L, Y dally
t ggaelitall 350nl) aidath o apenils
2, e LA -
L,.Z,  1=[L,.2,1Z, +Z,[L,.Z

—L,.2,.,1Z2, ,—Z,[L,,Z,]
=[4, -1+ \/§Q+ (P -Q)]z A2,

21

(5-25)
+[A, —2+J2Q,. (P -Q)1Z, . _,
I3,
+(O_2 —1)Z A —1,7,-1 +O_ZZ ﬂi’ﬂ’z_laT
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2, L, A -
[LoZ 50,1 =
[4—1+2Q, (P —Q)IZ , .. ..
HA, —2+V2Q, (P -Q)1Z, . ..
+[ 1, —3+\EQ+(P —Q)IIZ 5 4, 42

+(o® —D{Z a1t Lo 1,004 ﬂrl-ﬂrlvﬂe}
&,
2
+o0°Z , v
1
(5-26)

: Za,a,ﬂm‘.’k’ L, JS‘



(Lo Z 5 0,00,1=

[4—1+2Q (P —Q)1Z , , . 4.4,
+[A, —2+2Q. (P —Q)IZ ,, ;. >
+H[A, —3+2Q, (P —Q)1Z,, . . ..
+[A, —4+2Q (P -Q)]1Z Ay Ay A A2
+(o? -1D){z +Z
+Z

Ay 21,251, 2, +Z

+Z

o,
Adedada Gy

1,25, 51,2,
+Z

A1, -1, 43,44

A Ap =1, 43,44 -1 A1, 43, 44 -1 11,22,13—1,14—1}

+o%7

(5-27)

.dhj) REREN L"_Ib.\.\s 48n ?.JC;LM}

( permutation ) Jsalal) Y ¢lay caliiaall abajls agaall aae abl aadls
Se L o) G el L iy S O alag A8 JUg) cllEl AV,

Zﬂiﬁqﬂgﬂn
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1<i<j<n

0

2
+0°Z —
2 A ey A —1
OX 4

(5-29)

: Bayiie dadll Aakal) JUg) agas S 5-5

Complex Zonal polynomials as singular vectors

4,88 911) Balall aa Apdlad) Jia )8 5-5-1
Gravity coupled to conformal matter

GLilaaY) ANV mual 777 (x) JUg) agas ClS gla p=1 dad (6S5 Ladie
HVIr M) sosuba il BRST  aslsassS jiiai of LSy clliSy L dpig))
L Al Baadlly T(z) AU Sise dgag e Mg pulpdl mdsai Y

. c=26

: Al BRST  yisw (shany

d=| 1 @)+ 3T @)e() (5-30)

27i

b dacds paldl) g ) @izl a4 FO () CusMOFS i 535
— Ot 23 e it Sise M 3TS(z) 48l Jises (D,C) (ghosts)
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o Bl (s (g Raapell Apdlall ol i) By M=FC OF! (s
LM Salal Gl iy Gty B alally Glatie B B 28150 5L
Al Bl (posnas ey F O G riset - ddsl din L 3ol

DL sy B Sisas p(2) (el Jims Liaf Gty P sVl Q

T @)="2:8p(z)0p(z):+id?p(Z) (5-31)

FLA A h Gl gls 0 ApSoall Aandilly L gysabid i i e s
L Bl

c =1—120Q°7
h=—=2P (P—2Q)

(5-32)
D ADAL sl Qe = Dyl ¢ ) Lysie] 13
P=(p-—Q) (5-33)

Aadl) cul€ 1y (PQ) AN e (8~ ol zdsal obd Uil
Aalaiall 4338l Al e S5 Wals ¢=26 Awndlal) Alls 8 A4Sl 458 )4l
saladly

c™M =1-12(QM)? (5-34)

s AU e Joans L (3-4) Lyl (e
1 M 4oL —
Q.==@Q" =iQ") (5-35)

Ghw cM+ct =26 Lyl

Qo ——1 (5-36)
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p Cayyilly 1,8 Agiia sasas Cilaaae Ll 13y
—1 -1
_"OP''s=——0OFP 5-37
r=—QPs=—0Q, ( )

s aVa .. &) LU (Ko oS g

P =1[(r,s)QM +(r,s)2Q7]

5-38
iPG o, =3[(r—s)Q™ +(r +s)iQ"] ( )

DA e Cipad Z 77 (x) Adlay! dgatall JUs) asan i€ o Liydiel 13y
. 5l gal) A31a0)

(zthk)

exp = =>t"zy(x) (5-39)
(il (sl
Z1(x)=0,1<0 (5-40)
Zs(x)=1

aaal) JUigy hiS e Gulatt Al dgiall JUg) asas GlIS Galliad (e
(trace (x ) =>_Z;(x) (5_41)

oyt Blyaal) doatal) Jlig) san ol Gl A ={4 > 4 > ...} Ay IS
: Julls

Z:(X)=Z, . ., (x)=deu(Z, ;,;) (5-42)
03l e aladiuly P g BaY) AV x, calilaay) Ciypes Lacl 1)

[P,,P,]1=x0, , (5-43)
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P> Al e p, il X:XK:“E%Pk & G

P,IP>=0,n>0

P|P>=P|P > (5-44)

" AN sl ke AS (Kay

L, =22 :PcPry :—(Nn+DQMp, (5-43)

e
el (g

[L,.x,. 1=(k —n)x, . +v2Q, (P—xQ)s5, . (5-46)
Sl de deand x =(x0x,) Of s f(x) Jie ddla lieYU LAl 13,
fx)dlal Jdet,,L,

(5-47)

2, . f
L (1= ix, = —+2Q,(P -Q) 2
i=1 i+l

1

: Jand 4 Glilia axn
ujQ === ) 79

. df of , &% ,of &

[L,.f ()= jx; . +2Q, (P _Q)ax +2Q7 axz+2Q+ % Ox
j+2 2 1 1 1

(5-48)

Lasadl JUgy i) dalld) (aibadl e

o
OX

n

Zi(x)=2Z; ,(x) (5-49)

1 o
v ZX(x)+v2Q. (P -Q)

j+1

[Ll,zk%x)]:ijx,- Z1(x)

1
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(5-50)

tle duani m=jil adass

LZ1(x)= > (m-Dx, ,Z1 . (x)V2Q,(P -Q)Z*,(x)

(5-51)
Py (2-11) A b dualall e o)
LZ1(x)=[(x—D)+V2Q (P —Q)]1Z} ,(x) (5-52)
e deaniZi(x) lel, Guki XS

[L,, Z 0)]=[(x—D)+~2Q, (P —Q)IZ} ,(x) (5-53)
imeay (3-11)¢(3-7) el e V2Q,(PM -QY) Llaaall (Sl
(P™ —Q") = Z[(r +5)Q™ +(r —$)iQ"]

. (5-54)
=SQ" +iIQ")+s@" +iQH) - 2Q"

V2Q, =M +iQ*

V2Q_ =Q™ +iQt (5-55)
mo_ 1

Q —ﬁ(Q++Q_)

91



92

Pele JS& V2Q.(PM(rs) QM) Lall muan lgiag

\/§Q+(P —Q ): rQ+ —S _Q+ +1 (5_56)
=(r-1)Q?—-s +1

S (ssineall Aunlid (6K Autiall JUg) agan Gl @la r=1 (s<8 Laie
«E@

Z, (x)=2Z( PY),r=1v2Q,(PM, -QM)=1-s Cusy

zk(@aﬂ) e L, Gulig

L,z ”EQ+ PY)=(k —~1-s +1)Z, ‘/EnQ+ M (5-57)
= (k —s)z, 1(*/E = p M)
P e plad 7} calS 1y
L,Zzl=0 (5-58)
k=s laie S laag
Vis = ﬁQ* PT)IPL > (5-59)

el aigy Jadadt e daly Clua a0 g LAl laa

=P e roct

«/EQ_

2= ZIEE=PY)PY > (5-60)

Lo, =0

[Bouwknegt (4)]



tale JSAhg. c<luie
LV,,=0,n=12 (5-61)
Zsal (a5 Q, =#1Q" =0 o ¢ =1 4)Sall A&l culs \qb

c=ldcP=q=1 < ddadiadl &Y Q+=Jq:,(p,q)

V . Z'Bl(X)|F"\/| >
sssr ....... s n —n
4\,319 Ll’LZ 3 9
LV =0
ne 5-63
Lz\/rgzlzo ( )

AN axs \@laz B2 (x) Ajaally aial) Jlig) asa i< Aually Ll
p 3o Anlany) dgasell JUgy dgas 5,08

Z5% o (x)=det(Z, ., (x)) (5-64)
:Jla
ZB—l (X) Z, Aya
12_1 A
=Zn% s Tt a,
LZ2 (x)=L(zZ, 2, -2, .2, )
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AABVIZ P x) e L, s - sl duald alasinlyg

[L..Z, . 1=[C4L —D+V2Q (P —Q)1Z , ,
+[(4, —2)+V2Q (P —Q)1Z , ...,

(5-65)
Ple ale JS

[Li.Z 0, 1= 2 (A4 —1)+2Q, (P —Q)IZ 77 | (x)

SN T R

(5-66)
e Alysha Bygy il sl anss £y, o L, ) Bl SIS
JPALS

[L2’Z Y A ,1,(] = i(ﬂi _1+\/§Q+[P _Q])Zzi,..,zi 1.2, (x)
+(2Q+2 -1 Z 222111.71 ....... A

----- -
I<i<j<n

(5-67)

ts,r =2 gyall die 3 dial) gladdl 5-5-2
220 (s Alall oda g e lalaall il (goall Jalail) i Cagas
AL e 2Q, (P, —QM) laiallg (2)lijasl)

V2Q, (RY, —QM)=Q7 —s +1 (5-68)

94



Jalalii 1 =5 =2 2ic{2Q (P, —QM) =t, +1 aad aall 138 aa Jalaill Jigdil
L Ayl Jaolill sen e bl =15 =4] Sisall g ladll bl (sinsal) pa
L Al S5l e ity 2piiall g L) (ylo Ayl JUg) agan lyiS e

s I 'A';LU

Voo = [a§Z4,O(X ) +a1223,1(x )+a;z 22 (X)]|P Vo>
(5-69)
Cumy el gl e 1 gisall e Wil 02,027,072 <Dlalaall (il
%)
LV,, =0 (5-70)
b S o2 ANV el Coleleall ad s (5-70) ADlall aladiiul;

t t(t +1)

Dytiall g lalll JSG muay r=2,5 =3 (55S5 Ladie
V,s =02 0(X)+ 525, (X)+ 52 4 ,(X)+ 32 5,5(X)
(5-71)

[(6) 5585 s yad]. i)

ety DAPOA | i AN L, 4“5-\-\1'-‘:-\-1.,, 0 g

o = —(t +6) oo = (t+6)t+5) o
t t(t +1)

s —({t+6)t+5)(t +4) o

P tt+1)(t +2) 0

JSall b aytidl ¢ bl Gl k=81 =2,5 =4 (ssiuall iy
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V.. :aSZ&O(x)+a1427,1(x)+a§26,2(x)

+a3A'Z5’3(X ) +0521'Z4’4(X )
(5-72)
af AV OO laleallg

—(t +8) t+8)(+7)
o = el = S

s —(C+8)(+7)(1t+6) o
L tt+ D +2) 0

o Ct+8)(t +7)(t +6) +5) o
o tt+Dt +2)t +3) °

r=2 laic (25+1) (osbw VWl oda 3 agaall dae o) L aadls
P JSEIL 25 (ssiasall 2yiid) o Ll ALUS aalai o)y dilanys

s 2
Voo =28 255, (C=Q.PIHIPY > (5-73)
D Q. bl ed) 5L Al
S ; _ 2
Vie=2 0245, (;£Q_P_“i” )[PY > (5-74)

i=0

0 A IR QLI ICH DAPA |
oM Dt +2m)(t +2m —-1).....(t +2m —L +1)

' tt+12)....t+1-1)
wie Gl syall A m=r 5 hell e cagal eyl Gm=s G s
eha) g o Olalaadl A jladil sy Y Cuag olidl L GOl laia
bl la ( Gamma function ) Lla alls aladsiuly dlish 4 s Gillee
: J<al b

(5-75)

96



o = CDTI2( +m)] (5-76)
r¢+nr+2m-1+1)

die iy jioa g5l o Dlabaall any a0 all YA ey b
t=g-s (s dedeladl (1,9 ) zised Bl gn 2alllae L | =1-t
238 G Al i Q, Shell it =p-r  0sSi(pl ) zased B e
famaa e el Sy 1 L ol Lala Al aladiuly dagal)
Cua =1 S Laxie Wil

p=9=1Q,=+1,Q" =0

DADLY asiy ¢ of aall i Lo iea gald clalaal) guen yls

r,s "( —n)ll >
’ s n
S,S S( —l\l’/ll)ll >
1S ey n

r=s=3 e ydial pladd) 5-5-3
(16) Fx a5 (16) cliiaills ck =9 (ssimall pe Jalaii (gginall 128 aic
—67) Al 3 ) aally . S S5 3saal) a5 clizadl) b sic s Jalas
e (O

VQ.(PE, -QY) =27 -2 (5-78)

Ssle Ly Sisall Guli vie el G (207D aally £ =20,-3 & ey
: J<al Aaly el Jlg) agan 3,5

(Q7-D=t, +2 (5-79)

Aaiall JUs) 253a QISHAGl Al gaen ehal amg (gl 138 xiey
pOsal aahy siad) g il yla
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U353 = ac?,oz 9,0,0 (x)+ afoz 81,0 (x)+ ag,oz 7.2,0 (x)+ aflz 711 (x)
+a§,oz 630 (X)+ 0529,12 621(X)+ af,oz 5.40(X)+ 053?,12 531 (X)+

ag,zz 52,2 (x)+ af,lz 4,41 (X)+ 053?,22 43,2 (x)+ ae?sz 333 (X)
(5-80)
i A Aoy

U3 3 = Z alg,j QQIZy, (ﬁQJrP—I\r/\I | P >

9-1-j=1>j=0 n

(5-81)

Ay Dbl oy S Y EDlalae e e doanil L Gkt tics
cla "‘\);\J 43.'.""‘}“"." =g ac?,o ‘dyd" 05|9,i Sy DAEDN| Lsig L, LB:""Ej L.sjj Ct';"
Dbl e Joans Ak G cilley 350al

g = —@0[30

o, = —(t +9)(t +6) o
’ (t -3t ’

o = —(t+9)t+7)t +6) o
o (t —3)(t +Dt >0
o _ —18(1t+9)

“20 = 3yt +1t °°

98



o9 — E+a) +7)(t% +st +12)
O @ =3)(t +1)(t + 2t 0:0
o — t+9)(t +7)t +6)(t +5) o0

2 t —3)(t +D( —Dt 00
o, — —6(t +9)(t +6) ol
’ Tt -3t +DH +2)t —Dt ’
o° — —t +9)t +7)t +6)(t +5)(t +5) o0

Tt -3t +DH +2)t —Dt
o (@ +9) +7)E +6)t +5)(t +5)(t +4) o°

@2 T T Z3)( + 1) + 1) + 2)(t — Dt 0.0
o° — -+t +7N)+6)t +5) o o0

ML —3)( + 1) — Dt oo T2
ol = — Tt +9)t +7)(t +6) ol

(t —3)(t + Dt

Ayl Dbl e (51 2250 ( Gamma function) AV of) caluals

: D‘)‘JE.AC_.L\A:I MJ.J,J g_at..glqc Az g

o (t —3)(t +8)
%0 T r@o+t)I ()t —t

P OSEIL maal gld g, i)y Lala Al aladialy cDlalaall alatiyg

a-)' A
rO—1—-i+t+Hra+e)r+i -1t

o, Q.)= (5-82)

P oy, eolal
Opo=0, =0 -3t +8),, =x,, =t —1(t +6)
Oy, =0, =—t+2)t +3),c,, =3, =ty ; =t ({t +5)
Oyo =—18,a5, = —6,t5 0 = (t? +5t +12)
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(P.Q) zasadl el

2
pq

( Q+:\E,p:2,q :1,C :—2)6 GJ}AJ J:K;J

of, Jalrall o) AaaMe ae CDalaal) ppen Cla ladie £=202-3=1 s

(5-83)

e g0 Cleal) (amy Gls ot =0 Ledie s (poles) ool gginy Y
ay, 20 YA aaen 8 Laine( 1) ad (e Rl S

aa il Q =lp=0=Lt=-1) cn (c=1) LSal Ll xie
caf, 1o Lo g D laladl

bl aah el g il gle Alall o328
v,

n

Vis = as?,s (Q+)Zg,3,3( PJ\: |PY > (5—84)

Gl aisy il Aawatlly Jadiendl) JSEN 25305 030 8 il g L) 22l
Gaasall el Jlaiin) die 5. [Bouwknegt(4)]  dusy 8 Sjisa) g ledll JSS
Q. <l Hhell Q.

Q, >Q. ,t, >t =2Q *-3

Jipall Gl e Jumnd B (e t_=2q£—3 i (pa) zisens

il & Ll

r=3s=4k=rs=12 giul e il gladli5-3-4
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ey 3ay (28) CDllaall 220 (28) Glijadll axe (geiwall 138 e
LIS Y ) Jlig) i€ @i axy 2all ppands S JS 25aal
oS 2 ) sl Al

Hlgie aae 3gi 5 eDlabad) Clua &5 ALl A6kl ity

a2 = - t+12) a2 o = (t +12)(t +8) a2
* t o tt —4) *
p __ (E+12) +10)(t +8) o2 o = 36(t +12) o2
2t t(t +1)(t —4) 0072 Tt t +1)(t —4) °°
e (t +12)(t +10)(t* + 7t +28) e
30 tt +1)(t +2)t —4) 0.0
o2 (t +12)(t +10)(t +8)(t +7) o2
22 t(t +1)(t +2)t —4) 0.0
S 3(t +12)(t +10)(t +8)(t + 7)(t +5)(t > +16t +40) e
&0 tt+1)(t —2)t —4) 0.0

o2 (t +12)(t +10)(t +8)(t + 7)(t +6)(t +8) o2
Bt +)t +2) -4t -2)(t +2) 00

O sl ((58) maal wliiaill sae Glic 1=4,5=4, k=16 (s5isa) 2ic L
2z dgaal) aac galiaall JUsg) 2gan 3,5S (58) Sy e oS 3pdiall ¢ Ll

a16 — (_1)kl akl,kz,k3,k4
sttt T, + DTG +OT(k, +—DE(k, +1-2)

e laae D Qlguy) aaaly

(3t -115)
allf,z,o,o = maféo,o,o

e (2t —9)(t +15)
200 T I(t +15)I(t +2)T(t DI (t - 2)
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s _2t+16)+10) 5 _ 2(t —1)(t +10)
WAL (2t —9) % It +15)I(t + 2)T'(t —)T(t - 2)

e (2t —9)(t +15)
9100 T 1 1 16)I(t + DI~ (t —2)
N (2t —9)(t +15)

%9200 T T M + 2O —2)

b Al gl gl ko =rs daled) Alad) ) il g el (ggine Balyhs
||

Q)

Ky oKy

vV > = ~—==pMy|PM >

e T s Tk, +t +1)....1“(kr +t—r +2)

(5-85)

Xy ok, :Zakl—l ..... K +1,...,k, (5-86)
i =1
Pl G (e s All
s ldy)
K =15 (ssinal die 3yl ¢ Lol
B (_1)k1akl ..... kr(Q+) \/§Q+ M M
Vis _k1>_§r>or(kl+t Tk, +t—r 52y Sk oy P ) P>

Ki+...+kp=rs

il gl e | Galay
LV, =0 (5-87)
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D ISl (5-87) il mas

Z ... er(kj — ]+t +1)Zkl,..,kj—1..,kr =0 (5-88)
i1

ky>...>k, >0

dS (8 Al JUg) 5o 8,08 Ll o (g5iad Al dgalitall sl iy
Nl (e 222 e Joant LB A5al Jolil) gues o) dapg ¢ 5y
COlelaall Gl jioa ool ¥ Agiyall JUs) s 5,5 G Large T oY) lada
PJSAIL Aol JSAUS (S Ml jhia (54l

Zarskl k, (k; —j+t +1)Zkl,..,kj—l..,kr =0

D Aagal)l JUg) a2 OIS alliad e saldiaY g

) 593 (1) Lhaiey () A5 s s (LI A ye A5 o Lags

(1) ey opal A83an saly)

O lalaall (ot (e
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(—D* Xy,

(—D' &, ok, (K +1) C (_1)k1_1akl « (Kj—J+t+1) _0

..... N _
'ky+t+1)...I'tk, +t —r +2) JZ_; 'k, +t)...I'(k, +t —r +2)

Lele a1 Gaal aladinlys

I'(x +1) =xTIT(x) (5-89)

s Jal) aal Alaleal) Blo dgalina) culdll laidl

et ST Lanye Do s i) g ledll e L, Gaudd (e
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1sisj<r
(5-91)

sl

K=rs (sl Uy 2jiidl ¢ ladll

_ rs
Urs = Z A Lk

ki>...>k,>0

Z alzsl+....+Kr [Z(kj - j +1t +1)Zk1 ...... k:—2,...., k
i1

kyi=....,k,. =0
Ky+....+4k =rs

1I<i<j<r

dl.ij) RPREN U_a\):ﬂS uajha; e‘d;.\.ul.!} o ladae OYalaa ‘_,’JL d*aa.'\j
Z A RYWON|

105



roge Jo OYaledl 220 Gla Ul o058 Jlg) agas DS Gany Gl
 JRAL (5-92) Ualeal) S apdaiog

+(2Q+2 _l) Z akrj ..... Ki Lok j Lok ]Zk—z,..,kr =0

I<i<j<r

o jia (5538 Y Uy 2p0n GlES ¢ W Ay lijadl) G Ly
b JSal b Aolae U5 jhia ggld WeDlelas

+(2Q+2 —1) Z aZ,Ki ------ Kj Ky

I<i<j<r

rlabed) s, ) Coylall b g sanall 31 aall 2 haly,

+(2Q+2 _1) Z azfz_,_K-Jrl....K-Jrl....K :0

I<i<j<r
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b JRal) 2al edils A (st

-------

+2Q,°-1) > a”

e K1-2, Kj e K j 4L, K
I<i<j<r

(5-93)

: Ugp e Ly Guls g lede Jliag

s 6 6
U3, = aes,o,oz 6,00 T aS,l,OZ 510 1 a4,2,oz 4,2.0

6 6 6 6
+a4,1,1z 411 T as,s,oz 330 T a3,2,1z 3211 a'z,z,zz 222

P bl FE 6 =2Q, s e byl ) Akl (g

ag,o,o (t+6)= _af,z,o (t+1)+ aé?,l,lt - [a56,1,0 + 0‘21,1](0'2 —-1)

a56,1,o (t+5)= _0‘:?,3,0 t+2)- (0'2 _1)[0522,0 + af,1,1 + ae?,zi]

0‘4?,2,0 (t+6)= a??,s,o t+3)— ag,z,zt - (0-2 -1 [05:?,3,0 + 0‘:?,2,1]

af,l,l (t+4)= ag,z,z + (02 _1)[a36,3,2,1 + 055,2,2]
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Jp0a LIS CDlalra apen dlay)  padiions Ul i Fpmapall OB (e
i figall Gali ) gsall s (st 5 2 nydnall g ladll 8 dpsal) JUig)
Dl oS Ladie g Balall Jas e ddladl ofy8) die sl el Je L L,
oda Ao salall Jin pa 85ty Jeliny dpdlal) Jia (8 o™ <1 dgmayal) L)
Agdiall Jlig) asan LIS paeal ol (S5 e il g Ll S5y Allal)
Jis g aalghy Lodlal) Jia (6 ¢ =1 xie Lawp G 435l 5500 cld
5)S pe Alal) o8 5 2jdial) g el (S5 clagin Je s g0 (&1 5aldl)

o daaieal) JCal 3l d55an cald saaly Jligy 2saa

rCiluagilly mililll 5-6
JSG & oaise Adial) JUig) asn LIS aladinly 52yl Aad) oLy
Oe Sl 230 2a5 (P, ) 35w G Ay (Jubiin a 3a2Y) 03] 25303
iDL af vie 4 cpis ST IS Wil (1S) st IS die 21 ol
Aaf 08 HLEeY) Gy (Al Jaad) Ak Al — g 58 SIS 3 sas G
Vs liage B Lagin CUEY) Culi Can (C = —2 )i al) Linill 5305
s dy)laal ellag (h =—% ) &5l oyl vie leaal € =—2  zisaldals
[Pearce+.. (1] 288k jaulgo 280l s 7 35l

( discrete states ) dliaiiall VAl 530 AadY) oLy SIS g
ve BRST  aslsesn s Gpyb (e dllyg cdpaiall JUg) agaa LIS aladiuly
dad gl aie il gl G adis ¢ ald) pe a8 Adlal) () sl
CHES aaeal Jad oS5 e sS0 (1S ) sie (€ <1 ) 43S0l duail
Al 8 Jadaiad) JSEN b gl iy vie Jlg) asaa
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Sy Sl e JS piss b B=1 hEY) Cub v Lay
paiall gladll Gli € =1 4S5l Aa il dad pacal Cus aial) Jlig) 250
o0 A ¢ aiise JS8 I £33 Lgd Baaly 3hma JUs) 5an 558 (e S
Jein Je s aa g Wy ja JSG0 aad i daliddl) Jeaal) Gld Adla)
ANV i) g leill Al A5 e JUig) 3gaa SIS e ) 5 GIX
Osilela Jia) xie dllyg (hypergeomeric functions ) duuxigll (358 Jlsall
Glaclill Je caleall ellh g dald A< 4l dayall e a3l 5 e dlS
O Ada 4 ( correlation functions) Ll ¥ Jigy A

= e slala Gula (e i Alial dpeage Wl o Jpeanl) g
o latl) cBlilae slay e seliig € <1 vie s pledll e a3l
o subd s Glalge Gulal dalall (50 2jdull

b Loy Aahl) aass

Clpaddgall 7 3galy Alatiall el die A&l Cpaddgall 7 3gal dadps -1
U agan @l pfS Ay o jiial) dadl) aladiuly 4hal)

JUis) dgaa S Ay Bajdial) Aad) aladiady b ) eyla A -2
45l 46y o (Phase transition ) g shll Jgaill 8 4y jad) BIAl sic
Gllad iy ALl AUl B ABUal) ghay Lgdayy g Adlide CilSpag yualiald

-

A lia

2

salgd) @l g Job) bl o Blall Y dpsula BlSlas Jos -3
Z3salll (o Yy Jlig) agan S AV 2jiial) pladd) aladiuly Ciial
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Abstract

The modern theoretical physics scientists have interested with
conformal field theories since they have been connected with
theoretical physics ,and started to describe critical phenomena's as
phase transition at critical poins, and play central role in string theory .
Now they promise to play role in unifying theory for all forces .

Singular vector in conformal field theories is a physical state that gives a
description for a matter or string as energy or spin and it concerns with
correlation functions between deferent field .It acts as a basis in
correlation functions . Studying the correlation length between points
at critical degree in second order phase transition can be happened by
using these singular vectors.

In this work singular vectors have been constructed by using real zonal
polynomials. these singular vectors have rectangular shape . when we
take the relation between Calogero — Sutherland model and conformal
filed theory in consideration , the central charge has fixed value (c= -2)
because the coupled coefficient has the value ( g=2) in zonal

polynomials .We found that there are special cases for (c=-2) model at

conformal weight (h :—%) likes that in conformal logarithmic model for

a dense polymer cell.

Also singular vectors has been constructed for discrete states in term of
complex zonal polynomials by using BRST cohomology when two
dimensional gravity coupled to conformal matter.

The second order zonal polynomials for singular vectors has been
written in term of hyper geometric functions by using the second order
Calogero-Sutherland as especial case , because to get over divergences
in correlation functions in Jordan cell.

Recursion relation was obtained, and resulted from the application of
Calogero-Sutherland hamiltonian on singular vector at ( c<1) ,which
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helps for finding the singular vector coefficients without application of
virasoro generators.
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